ABSTRACT This paper studies the sliding mode control (SMC) law design problem of a class of positive systems with Lipschitz nonlinearities. We aim to devise a proper SMC law to drive the sliding mode dynamics onto the designated sliding mode surface. By choosing proper Lyapunov functions, the positiveness and the asymptotic stability of the closed-loop SMC system are guaranteed by the presented sufficient conditions. The SMC law design problem can be solved by a linear matrix inequalities technique. In the end, the feasibility and the validity of the raised method are provided by the simulation results.
I. INTRODUCTION
Sliding mode control (SMC) approach has attracted many researchers' attention due to the fast responses, invariance to external disturbances and good transient performance. The SMC control strategy is a feedback control law which forces the system dynamics onto the predetermined sliding mode surfaces. Initially, the concept of SMC was proposed to the second-order linear system by Emelyanov and Utkin in 1950s. Since then, the SMC strategy has been widely used in various control systems, such as nonlinear systems [1] - [3] , stochastic jump systems [4] , time-delay systems [5] , [6] and singular systems [7] , [8] etc. Moreover, Lee [9] has firstly put forward the integral-type sliding mode control scheme to ensure that the system has sliding mode from the initial time to the final time and eliminate the invariance of uncertain parameters and matching interference in the sliding mode. For more details of integral-type sliding mode control, we can see the results in [10] and [11] .
As a remarkable kind of control systems, positive systems have raised much attention due to the well known properties and applications [12] - [14] in recent years. In a positive system, it is always satisfied that the relevant outputs and states are positive, if the inputs and initial states of the systems are positive at all times. Initially, many researchers focus on the problems of positive realization [15] , accessibility and observability [16] for positive systems. More recently, many papers have been published on the stabilization and stability of such systems. For discrete-time positive systems, Fornasini and Valcher considered the problem of stability and stabilization criteria in [17] . In [18] , Shen and Lam introduced static output feedback stabilization problem into positive systems. For more details of this issue, we can refer to references [19] - [23] .
When we model and analyze a dynamical system in actual engineering, we always need to consider the nonlinearities. Moreover, as a special kind of nonlinear systems, Lipschitz nonlinear systems are also an important research project and have received much consideration in recent years. In [24] , the truncated prediction output feedback control problem was extended to Lipschitz nonlinear input delay systems. The problem of robust fault detection of the systems with Lipschitz nonlinearities was studied in [25] and the results were introduced into heat recovery steam generator. For more details of this issue, we can see the results in [26] - [28] the reference therein.
Based on the published available results, the SMC law design problems for positive systems with Lipschitz nonlinearities have not been published. These motivate our research on this topic. For the Lipschitz nonlinear positive systems, the SMC law design problem is considered in this paper. By choosing the appropriate Lyapunov function, we devise a proper SMC law to ensure the sliding mode dynamics can drive onto the designated sliding mode surface (SMS). The positiveness and asymptotical stability of the closed-loop SMC systems are ensued by the raised sufficient conditions. In order to get the SMC law gain directly in Matlab toolbox, the problem is transformed to solve linear matrix inequalities (LMIs). A simulation example is given as last to show the effectiveness of the designed approach.
II. PRELIMINARIES
Throughout this paper, we assume all of the matrices are with compatible dimensions and the notations are quite standard. The meaning of the notations is given in Table 1 .
Consider a class of linear systems depicted by
Then we give the following lemmas and definitions. Definition 1 [29] : System can be said to be a positive system; if x 0 ≥ 0, u(t) ≥ 0, it has y(t) ≥ 0 and x(t) ≥ 0.
Definition 2 [29] : If there exists a scalar η satisfying A + ηI 0, A can be called as a Metzler matrix.
Lemma 1 [30] : If A, B, C, D in satisfy the conditions that A is a Metzler matrix and B 0, C 0, D 0, is said to be a positive system.
Lemma 2 [31] : For given proper dimension matrices A, B, there exists a positive-definite matrix M and a constant ε > 0 such that the following matrix inequality is satisfied: 
III. SYSTEM DESCRIPTIONS
Consider a class of positive systems depicted by:
where the notations of system (3) is given in Table 2 .
In positive system (3), f (x(t), t) satisfies inequality (4):
where δ > 0 is a given constant, L, F, C, H are positive matrices with proper dimensions, respectively. B is a positive matrix with full column rank, i.e., rank(B) = p.
A. SMS & SMC Design Analysis
The purpose in the paper is to devise a SMC law, and the sliding mode dynamics can drive onto the designed SMS l(t) = c by the devised SMC law. Meanwhile, the designed SMC law should make the closed-loop system be Lyapunov asymptotically stable. For this purpose, we choose an integral-type sliding function as:
where K ∈ p×n is the SMC parameter matrix, which will be given in Theorem 3, W is selected to ensure WB be a nonsingular and symmetric positive definite matrix. W can be achieved by W = B T J with J > 0. For positive system (3), we suppose the system states can be available. Considering the sliding function (5), we construct the SMC law as:
where ρ(t) is a time-varying term, whose function expression will be given in Theorem 1 later.
Substituting SMC law (6) into positive system (3), we can get the closed-loop SMC system:
whereÃ = (A + BK ).
B. PROBLEMS ILLUSTRATION
In the next section, we will devise a proper SMC law in (6) , such that the SMC system (7) can realize the following three objectives: A1. The sliding mode dynamics can drive onto the predefined SMS l(t) = c by the designed SMC law (6);
A2. The closed-loop SMC system (7) is Lyapunov asymptotically stable;
A3. The closed-loop SMC system (7) is positive.
IV. SMC DESIGN
Theorem 1: Consider the integral-type sliding function l(t) in (5) and suppose that matrix W is selected to ensure WB be nonsingular. The sliding mode dynamics of SMC system (7) can drive onto the predefined SMS and remain on the SMS by the SMC law (6), if there exists a constant ω > 0, we have:
where
For the closed-loop SMC system (7), we choose the Lyapunov function candidate as:
From the sliding function (5), we can geṫ
Then we take the time derivative of (9) and we have:
Considering l(t) < l(t) 1 and substituting (5) and (8) into (11), we have:
From (12), we can getV 1 (l(t), t) < 0, which means the sliding mode dynamic x(t) can drive onto the SMS l(t) = c and remains on its movement by the SMC law (6) . This completes the proof.
We know that the sliding mode dynamic x(t) can drive onto the predefined SMS l(t) = c by the designed SMC law (6) in Theorem 1. To ensure the Lyapunov asymptotic stability of SMC system (7), we can design an equivalent controller u e (t) byṡ(t) = 0:
Substituting u e (t) into positive system (3), we have the equivalent closed-loop SMC system:
Then, we will give a sufficient condition to prove the Lyapunov asymptotic stability of the equivalent closed-loop SMC system (14) in Theorem 2.
Theorem 2: For positive system (3) with the specified integral-type function (5), the equivalent closed-loop SMC system (14) is Lyapunov asymptotically stable, if there exists a positive-definite symmetric matrix P, a constant matrix Q and constants δ > 0 and ε > 0, satisfying the following LMIs:
Proof: For the following equivalent closed-loop SMC system (14), we choose the Lyapunov function as:
Along the track of the system (14), we take the time derivative of (16) and get:
Recalling to Lemma 2 and inequality (4), we have:
Then we haveV 2 (x(t), (t)) < 0 by < 0 from inequality (18), i.e., inequality (15) holds. Thus, the Lyapunov asymptotic stability of the equivalent closed-loop SMC system (14) is ensured. This completes the proof. Theorem 1 and Theorem 2 give the sufficient conditions to ensure that the equivalent closed-loop SMC system (14) is Lyapunov asymptotic stable and the sliding mode dynamics x(t) can drive onto the predefined SMS by the designed SMC law. In the following Theorem 3, we will prove the positiveness.
Theorem 3: For positive system (3) with the specified integral-type function (5), the equivalent closed-loop system (14) is positive and Lyapunov asymptotically stable, if there exists positive scalars δ, ε and η, a positive-definite symmetric matrix X , constant matrices Q, Z , M , satisfying the following LMIs:
Furthermore, the SMC law gain can be obtained by
Proof: For the equivalent closed-loop SMC system (14),
We use diag{P −1 , I } to pre-and post-multiply matrix (22) and we have:
Considering X = P −1 , Z = KX , M = XX and applying Schur complement lemma, we can get inequality (19) .
From (20), we know that (AX + BZ ) is a Metzler matrix; Considering Z = KX , it concludes that (A + BK ) X is also a Metzler matrix. From (21) and (22), we can get thatL and F are positive. Recalling that C is a positive matrix, we can prove that the equivalent SMC system (14) is positive. This completes the proof. 
V. NUMERICAL EXAMPLE
In this part, the feasibility of the designed method is explained by a simulation result. Consider the parameters of positive system (3) described as: The nonlinear function is selected as f (x(t), t) = 0.2x(t) 0 .
Using the LMI toolbox in Matlab to solve LMIs (19) - (22), we can get the controller gain as
Therefore, we can obtain the designed SMC law as follows:
where φ(t) = 0.2 + 2.0637 (t) + 1.5022 x(t) . Meanwhile, the integral-type sliding function in (4) can be solved as:
With the initial condition In the simulation results, Fig.1 and Fig.2 plot the unstable sliding mode dynamics of the open-loop systems. Fig.3 and Fig.4 plot the sliding mode dynamics of the closed-loop SMC systems. From Fig.3 and Fig.4 , we know that the states are positive and asymptotically stable. Fig.5 plots the trajectory of the sliding function l(t); it is clearly that the sliding function l(t) is driven onto the expected SMS l(t) = c, where c = 20.
VI. CONCLUSION
The SMC design problems for a class of Lipschitz nonlinear positive systems were studied in this paper. By choosing the appropriate Lyapunov functions, the sufficient conditions on the existence of the SMC are proposed and proved. The SMC design problems can be converted into solving the relevant LMIs. The designed SMC makes the closed-loop SMC system be asymptotically stable and positive, and the sliding mode dynamics can be driven onto the surface of the desired SMS s(t) = 20. Finally, the feasibility of the raised method is explained by the simulation result. For the future research, we can focus on the problem of SMC in finite-time interval for a class of positive systems combining with Markov jump systems [32] - [36] , neural networks [37] , [38] and networked systems [39] , [41] .
